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Abstract 
Electromagnetic field propagation through a transition layer between the positive-index and 
negative-index materials with linearly changing dielectric permittivity and magnetic permeability 
was investigated. It is shown that at oblique incidence, the components of both TE- and TM-
waves exhibit singular behavior in the vicinity of the point where both dielectric permittivity and 
magnetic permeability are equal to zero. In this case, finite dissipation of electromagnetic field 
energy takes place even at infinitesimally small values of losses. These results are applicable to a 
broader class of inhomogeneous metamaterials and may provide a new platform for the 
realization of low intensity nonlinear optics in metamaterials. 
 
PACS numbers: 41.20.Jb, 42.25.Bs, 42.25.Gy 
* In this version of the paper, several corrections have been made to the original version and to 
the summary published in The CLEO/QELS 2008 Conference Proceedings.  
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 Recent progress in the experimental realization of negative index materials (NIMs) has 
prompted a reconsideration of many well-known phenomena in electromagnetism. Although 
negative index of refraction is not found in nature, it was achieved in artificial metamaterials in 
the microwave [1], terahertz [2], and optical spectral ranges [3-5]. The unusual properties of 
NIMs most prominently reveal themselves at the interface of positive- and negative-index 
materials. Combinations of negative- and positive-index materials (PIMs) enable a number of 
unique physical phenomena and functionalities, including negative refraction [6]; superlensing 
[7,8]; anti-parallel directions of the phase velocity and the Poynting vector [6,9,10], backward 
phase matching and negative phase shift facilitating new regimes of second-harmonic generation, 
parametric processes and bistability [11-18]; unusual surface waves, including surface vortices 
[19-23] and ultra-compact resonators [24,25]. In most previous studies of spatially combined 
PIMs and NIMs, sharp transitions from one type of material to the other were considered.  The 
dielectric permittivity ε  and magnetic permeability µ  along with the refractive index n were 
assumed to be stepwise functions. 
 One of the most remarkable phenomena that take place at a PIM-NIM interface is that the 
right-handed triplet of vectors of the electric and magnetic fields and the wave vector ( )kHE ,,  
in the PIM undergoes an abrupt change to form a left-handed triplet in the NIM. From a 
topological viewpoint, a right-handed triplet can not be transformed to a left-handed triplet by 
any continuous transformations; however, ε  and µ  can be changed from positive to negative 
values as continuous functions of the coordinate in the direction normal to the interface. The fact 
that continuously changing material characteristics can lead to a topologically critical 
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phenomenon must be reflected in the transitional characteristics of the electromagnetic waves 
traversing the interface. In order to understand the physics underlying such a transition, in this 
letter, we investigate light propagation in a medium consisting of a homogeneous PIM in the 
region 0<x  and a homogeneous NIM in the region hx 2>  separated by the transition layer of 
width h2 , where both ε  and µ are real linear functions of the coordinate x  along the normal to 
the interface such that 
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as shown in Fig. 1. For simplicity, we neglect herein realistic material losses and Fresnel 
reflections at interfaces of homogeneous and inhomogeneous regions. It is also assumed that the 
transition layer width is greater than the wavelength of light ( )λ>h  so that the macroscopic 
description is valid.  
 The wave equation for the TE wave ( E  is perpendicular to the plane of propagation) 
reads as  
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where yE  is an amplitude of the electric component of the harmonic electromagnetic wave at 
frequency ω  and c  is the speed of light in vacuum.  The corresponding equation for the TM 
wave ( H is perpendicular to the plane of propagation) can be obtained from Eq. (2) by replacing 
E  with H , and µ  with ε , respectively. Here, we only consider the TE case. The components of 
the magnetic field are related to yE  as follows: 
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Assuming that the medium is homogeneous in z direction, the electric field component can be 
written as ( ) ( )zixE y βexpΦ= . Then, Eq. (2) at 20 <ς<  ( hx=ς ) takes the following form:   
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Here, hka 0= , ( ) ck ωµε 21000 = , hb  β= , ( )00 sin θβ k= , and 0θ  is the incidence angle. First, 
we consider the case of normal incidence, that is, 0=b . In this case, the solution of Eq. (4) is 
given by 
( )( ) ( )( )21exp21exp)( 2221 ςςς −+−−=Φ iaCiaC .                                (5) 
Expanding )(ςΦ in the vicinity of  0=ς , we obtain 
( ) ( )...2exp...2exp)( 21 +−+++−≈Φ ςςς iaiaCiaiaC .                         (6) 
The first and second terms in Eq. (6) describe forward and backward propagating waves, 
respectively.  Coefficients 1C  and 2C  can be found from the boundary conditions at 0=ς  and 
2=ς , taking into account that ( ) ( )ςςς iaAiaA refin −+=Φ expexp)(  if 0≤ς , and 
( )ςς iaAtr −=Φ exp)(  if 2≥ς .  Here, inA  and refA  are amplitudes of incident and reflected 
waves respectively, and trA  is the amplitude of the transmitted wave. Straightforward analysis 
shows that, in the model under consideration, 0=refA  and 02 =C . Then, the solutions for yE  
are given by 
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Then, using Eq. (3), the solutions for zH  can be written in the form 
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Figure 2 shows the real part of the electric filed component yE  as a function of ς  as the wave 
propagates from the uniform PIM medium to the uniform NIM medium through a transition 
layer.  In numerical simulations, the spatially dependent material parameters ε  and µ  were 
taken in the form ( ) 
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loss parameter 00001.0=δ  was introduced to avoid the numerical complications around the 
point where the real part of µ  approaches zero ( 1=ς ) and 400 == µε . It is noteworthy that 
the spatial oscillations of the electromagnetic wave are chirped inside the transition layer, 
suggesting the possibility of a nontrivial behavior of the phase front of the electromagnetic wave 
within such layer. It follows from Eq. (7) that the phase front is defined by  
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therefore, the electromagnetic wave is not a plane wave inside transition layer 20 <ς< . 
Defining the phase velocity as ( ) dtdxdtdhv p == ς , we obtain: 
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This expression shows that phase velocity has opposite signs at different sides of the point, 
where both ε  and µ  vanish and ∞±→  pv  when 1→ς  from the right (+ sign) and left (− sign) 
sides, respectively (see Fig. 3).   
 Next, we consider the case of oblique incidence, that is 0≠b . In this case, Eq. (4) 
indicates that when ( ) 01 222 <−− ba ς , incoming waves become evanescent. Note that there are 
two so-called “reflection points” ab±=± 1ς  in our case that are symmetric with respect to 
1=ς , which makes considered case different from transition of electromagnetic wave through a 
plasma layer, where there is only one such reflection point, as discussed in Refs. [26-30].  
 A general solution of Eq. (4) can be written in the form  
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where U  is a confluent hypergeometric function [31]. Note that the solution (11) reduces to (5) 
in the case of normal incidence; that is, when 0=b . Coefficients 1C  and 2C  in Eq. (11) can be 
determined from boundary conditions assuming that ( ) ( )ς−+ς=ςΦ iqhAiqhA refin expexp)(  at 
0≤ς , and ( )ς−=ςΦ iqhAtr exp)(  at 2≥ς . Here the wave number q  is defined as 
2
00
22 )/( βµεω −= cq .  
 In order to understand the behavior of the electromagnetic field near the point where both 
µ  and ε  are changing sign, we expand solutions 1Φ  and 2Φ   in the vicinity of 1=ς : 
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Then, Φ  takes the form 
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The first term in this expression has a logarithmic singularity. The second term corresponds to a 
regular solution of Eq. (4). The logarithmic term is well defined for 1<ς ; however, for 1>ς , the 
definition of logarithm is not unique and depends on the choice of the path around 1=ς . 
Following the approach used in Ref. [28], and taking into account the analyticity of µ  in the 
upper half-plane, we introduce an infinitesimal positive imaginary part (loss) for magnetic 
permeability and obtain at 1>ς : 
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The additional term ( ) 2/)(1 2122 CCbi −− ςpi  is continuous at 1=ς . Taking into account Eq. (3), 
the definition of ( ) )exp( ziE y βςΦ= , and Eq. (15), we conclude that yE  is finite and continuous 
at 1=ς ,  while xH  and zH  can be written as 
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where 0θ  is the incidence angle and 210 CCE −= . Thus, the x  component of the magnetic field 
xH  is singular at 1=ς , and the z  component zH  experiences a jump when the value of µ  
changes sign from positive to negative at the point 1=ς . Following [28], we find that the 
difference of the longitudinal components of the Poynting vector ( ) zyx HEcS pi4=  (averaged 
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over rapid field oscillations) before and after the transition of the wave through the point 1=ς  is 
given by 0
2
0
2
0 sin)/( θελpi hEcS x =∆ . Note that, while in our original model we assumed losses 
(imaginary parts of ε  and µ ) to be infinitesimally small, at the point 1=ς , the real parts of ε  
and µ  are zero, and therefore, the contribution of the small imaginary parts of ε  and µ  
becomes significant and can no longer be neglected. Using the technique proposed in Ref. [28], 
we calculate the dissipation of energy Q∆  due to these losses at 1=ς , and find that xSQ ∆=∆ . 
Therefore, transition through the point where ε  and µ  are changing sign even with infinitesimal 
dissipation is accompanied by a finite loss of incident wave energy.  
 Figure 4(a) illustrates the real part of the electric field component yE  as a function of a 
longitudinal coordinate ς  for a fixed angle of incidence and fixed width of the transition layer. 
Figure 4(b) shows xH  versus ς  confirming the prediction that xH  becomes infinite at 1=ς . 
While we have not assumed any specific model for the inhomogeneous metamaterial, in a 
simplified way the origin of the anomalous field enhancement shown in Fig. 4 can be understood 
in a simplified way as a spatial analog of a well-known resonance occurring in a spectral domain 
when, for example, light interacts with a harmonic oscillator [27]. It is noteworthy that since in 
the vicinity of the 0=ε  (and 0=µ ) point the wavelength of light becomes very large, the 
system can effectively be considered as quasistatic [32]. In the case of the TM wave, the thin 
layer near the 0=ε  point can be considered as a very thin capacitor that accumulates infinitely 
large electric field energy, if we neglect the effects of dissipation and spatial dispersion. Note 
that such energy accumulation occurs only for obliquely incident waves since the electric field at 
the oblique incidence has a non-zero component in the direction of propagation. Since an electric 
displacement D must be continuous, the electric field E anomalously increases as ε  tends to 
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zero. Likewise, for the TE wave (considered here), the magnetic field has a non-zero component 
in the direction of propagation, and the magnetic field energy accumulates in the vicinity of the 
0=µ  point in space. Such a thin layer near the 0=µ  point can be considered as a short 
solenoid that stores the magnetic field energy. In this case, H anomalously increases as µ  tends 
to zero. Finally, owing to the singularities of the magnetic field components, the x - and z -
components of the Poynting vector are also singular at 1=ς . In addition, that z -component of 
the Poynting vector, given by ( ) xyz HEcS pi4−= , is changing sign passing the point 1=ς . This 
corresponds to a change of sign of the refraction angle at 1=ς .  
 Considered model represents a significant simplification of real metamaterials. Clearly, 
electromagnetic field components (and the components of the Poynting vector) tending to 
infinity do not represent a physical solution, but result from the assumption of lossless media. 
Losses can be included by adding non-negligible imaginary parts in both ε  and µ . The effect of 
loss is particularly important in the context of NIMs, since all practically realized NIMs to date 
are significantly lossy. The field enhancement factors in the presence of realistic losses, the 
angular dependence, and the area where the field enhancement occurs are of significant 
fundamental and practical interest and will be discussed in a longer publication. Finally, it should 
be mentioned that, in realistic metamaterials, the real parts of ε  and µ  are crossing zero at 
different spatial points, and the imaginary parts ε  and µ  inside the transition layer are spatially 
dependent. Although we only considered the case of the TE-wave in this paper, similar effects 
can be predicted for the TM-wave case.  
 To summarize, we analyzed electromagnetic wave propagation through the PIM-NIM 
transition layer of finite width with linearly changing ε  and µ . Several unique features of light 
transmission through this inhomogeneous layer were found: (i) at normal incidence, phase 
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velocity tends to infinity in the middle of the layer where 0=ε  and 0=µ , and it changes sign 
past this point; (ii) the electric and magnetic field components are finite and contain no 
singularities at normal incidence; however, spatial oscillations are chirped in the vicinity of the 
0=ε  and 0=µ  point; (iii) at oblique incidence in the case of the TE-wave, the electric field 
component is continuous and finite, while one of the magnetic field components tends to infinity 
as ( )ς−11  in a lossless case, and another component contains a logarithmic singularity; (iv) at 
oblique incidence, energy dissipation takes place during wave transition through the point 1=ς , 
even if  material losses are infinitesimally small.  
 It is noteworthy that similar effects have been discussed previously in a context of 
inhomogeneous plasma, with the dielectric permittivity changing as a function of the 
longitudinal coordinate [26-28]. However, in the plasma case, the field enhancement near the 
0=ε  point was only predicted for the TM-wave case (since 1=µ ). Also, since in that case there 
are no propagating waves supported past the point 0=ε  (where 0<ε ), the fields evanescently 
decay beyond that point.  
 The phenomena predicted here may be applied to a wider class of inhomogeneous 
metamaterials. Field enhancement effects in the vicinity of the 0=ε  and 0=µ  point present 
entirely new opportunities for the realization of nonlinear optics at low input intensities and 
antenna applications [29,30]. Owing to the great flexibility of the design of the material 
parameters (or of the index of refraction) enabled by metamaterial technology, the experimental 
realization of the effects predicted in this study should be feasible in the microwave region and in 
optics when bulk NIMs become available.  
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Captions 
Figure 1. A schematic of a transition layer between the PIM and the NIM with linearly changing 
dielectric permittivity and magnetic permeability. 
Figure 2. The real part of the electric field component yE  as a function of longitudinal 
coordinate ς  for the case of normal incidence (solid line), the real part of the magnetic 
susceptibility µ  as a function of longitudinal coordinate ς  (long-dashed line), and the boundary 
between the PIM and the NIM (short-dashed line). 
Figure 3. Normalized phase velocity  ω0kv p  as a function of normalized longitudinal 
coordinate ς  outside and within the transition layer. Long-dashed line shows the boundary 
between the PIM and the NIM, and short-dashed lines show the limits of the transition layer. 
Figure 4. (a) The real part of the electric field component yE  as a function of longitudinal 
coordinate ς  for the case of oblique incidence at 17piθ =  (solid line), the real part of the 
magnetic susceptibility µ  as a function of longitudinal coordinate ς  (long-dashed line), and the 
boundary between the PIM and the NIM (short-dashed line), (b) The absolute value of the 
normalized magnetic field component xH  as a function of normalized longitudinal coordinate 
ς  (solid line) and the boundary between the PIM and the NIM (short-dashed line). 
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